Abstract. Consider a polynomially bounded, o-minimal structure on the field R of reals. A smooth (i.e. of class
W := {u ∈ U : ϕ(u) ≤ 0} and Z := {u ∈ U : ϕ(u) = 0}.
We shall investigate the links of the sets W and Z at the points u ∈ U , which are well-defined up to a definable homeomorphism. It is proven that the Euler characteristic of those links (being a local topological invariant) can be expressed as a finite sum of signs of global smooth definable functions: Also presented is a version for functions depending smoothly on a parameter. The analytic case of these formulae has been worked out by Nowel [24] .
As an immediate consequence, the Euler characteristic of the links of the zero set Z is even. This generalizes to the o-minimal setting Sullivan's result [32] about real algebraic sets. Research concerning topological invariants of algebraic sets has been conducted by many mathematicians, as for instance [1, 2, 4, 8, 9, 10, 19, 20, 24, 25, 26, 32, 33, 34] . A natural challenge arises: to transfer some of the results to o-minimal geometry. In this paper we endeavour to make a small step towards its pursuit.
Preliminaries.
Throughout this paper we deal with a polynomially bounded, o-minimal structure R on the field R of reals. For rudiments of o-minimal geometry we refer the reader to e.g. [11] . Polynomial boundedness implies many properties typical of the classical semi-and sub-analytic geometry, as for instance the Lojasiewicz inequality or regular separation (see e.g. [17, 18, 6, 12] ). We have at our disposal even a stronger version of the inequality with parameter. We may regard the functions f above as a definable family of functions f u with parameter u.
Define the Lojasiewicz exponent λ(0; f ) of a continuous definable function germ f : (R n , 0) −→ R at 0 ∈ R n as the infimum of the set Λ of those exponents λ > 0 for which there exists a constant c > 0 such that
in the vicinity of 0 ∈ R n ; here dist (x, V ) denotes the distance function of a point x from a set V ; we put dist (x, ∅) = 1. The set Λ is not empty by the Lojasiewicz inequality. We always have λ(0; f ) ∈ Λ; moreover, λ(0; f ) belongs to the exponent field K of the polynomially bounded structure R (K consists of those exponents r ∈ R for which the power function t r is definable in R).
Consider now a definable family
. In other words, It is well known (cf. [23] ) that the R-algebra D(U ) of smooth definable functions on an open connected subset U of R n is quasi-analytic, i.e. each function f ∈ D(U ) is uniquely determined by its Taylor series at any point u ∈ U . A definable open set U may be endowed with the Zariski topology induced by the algebra D(U ) of smooth definable functions; the Zariski closed subsets of U are the zero sets of families of functions from D(U ).
We shall show in the appendix that, for a polynomially bounded structure R, U with the above smoothly definable Zariski topology is a noetherian space. This is a crucial fact which makes it possible to proceed -by analogy to algebraic geometry -with noetherian induction. Actually, our line of reasoning adapts to the o-minimal setting the induction procedure worked out by Nowel [24] for the case of analytic sets associated with noetherian families, and based on a technique developed by Tougeron-El Khadiri * ). Let us mention, however, that the analytic Zariski topology with respect to the R-algebra A(U ) of analytic definable functions on U remains noetherian even for o-minimal structures R that are not polynomially bounded (see Appendix).
To investigate Euler characteristic, we shall apply herein, as in papers [33, 34, 25, 24] , the two formulae below.
Khimshiashvili's Formula (cf. [16] We say that a smooth map germ 
is a finite dimensional real vector space;
iii) the ideal (T 0 f 1 , . . . , T 0 f n ) generated by the Taylor series of the germs f i contains some power of the maximal ideal of the formal power series ring
Remark. In view of the preparation theorems (the formal version and the Malgrange version for differentiable algebras † ), the above conditions imply that the algebras
Consider a finite smooth map germ
with Jacobian J. We have, of course, the canonical isomorphism
For any linear form φ : Q −→ R, one can define a symmetric bilinear form Φ on Q by putting
Eisenbud-Levin Formula (cf. [13] or [3] , Part I, Chap. 5). 2. Local degree of a definable family of smooth map germs.
We adopt the notation from the previous section. Consider a definable family
Suppose that V is an irreducible Zariski closed subset of U , and the map germs
have an isolated zero at 0 ∈ R n . Let Λ be the family of Lojasiewicz exponents for the families (f 1,u ) u∈V , . . . , (f n,u ) u∈V (being a finite set of positive real numbers), and take k 0 := max Λ. It is clear that for every u ∈ V there is a constant c u > 0 for which
in the vicinity of zero. Therefore -following papers [34, 24] -we shall modify the family F by adding the map (ax k 1 , . . . , ax k n ) with any a ∈ R, a = 0, and k ∈ N, k > k 0 , without changing its local topological degree at zero for u ∈ V :
; instead, we may obviously consider the family
For all but a finite number of a ∈ R, the germs G u (x) are finite (or, in other words, have an algebraically isolated zero at 0 ∈ R n x ) for all u from a Zariski open and dense subset of V , i.e. for u ∈ V \ Σ where Σ is a proper Zariski closed subset of V . We now sketch a proof. We first recall a direct consequence of Nakayama's lemma (cf. [35] Chap. II.5):
Claim. Let A be a local ring whose maximal ideal m is finitely generated, and let M be a finite A-module. Then
For a finite smooth map germ
we thus get the equivalences:
Hence, for our definable family G(u, x), we get the equivalence
But for a = 0 we have
is a proper Zariski closed subset of V , and thus we obtain the desired conclusion:
At this stage we can prove the following 
Theorem. Suppose that V is an irreducible Zariski closed subset of U , and the map germs
Similarly as in papers [25, 24] , the proof makes use of the EisenbudLevin formula and an elementary but powerful formal division algorithm of Grauert-Hironaka (cf. [7, 14, 5] ).
For a Zariski closed subset V of U , let
Obviously, the set V is irreducible iff the ideal I(V ) is prime iff the R-algebra D(V ) is an integral domain. Keeping the foregoing notation, 
Denote by N(I) Hironaka's diagram of initial exponents for I; set
Generally, the division algorithm says that there is a function
] can be presented in a unique fashion in the form
The division algorithm is compatible with evaluation homomorphisms at the points from the Zariski open set {u ∈ V : τ (u) = 0}, i.e. The division algorithm carried out for the Jacobian J of G with respect to the variables x yields a unique presentation of the form J = q + r, where
Consider now the family of linear forms 
Suppose the map germ F u has an isolated zero for every u from a Zariski closed subset V of U . Then the local topological degree deg 0 F u (x) is over V the sum of signs of a finite number of smooth definable functions
σ 1 , . . . , σ s ∈ D(U ): deg 0 F u (x) = sgn σ 1 (u) + · · · + sgn σ s (u) for u ∈ V.
Euler characteristic of the links of the sets W and Z.
Throughout this section, we shall deal with a definable family f = (f u ) u∈U of smooth function germs
We shall regard W u both as a definable set in the vicinity of 0 ∈ R n and as a germ at zero. After Szafraniec [33] (see also [24] ), we apply the following modification g = (g u ) u∈U of the definable family f :
Proposition. There exists k(f ) > 0 such that for every integer k > k(f ) and every u ∈ V the assertion below holds for all sufficiently small > 0 (i.e. for all ∈ (0, k,u ) with k,u > 0):
0
is a regular value of the restriction g u |S , L u, is a deformation retract of M u, , and the modification g u has an isolated (if any) critical point at the origin.
Fix a u ∈ V and an > 0. We first observe that the set Since d/dt (f u • γ)(t) = 0, the function f u would be constant on our curve, and thus f u (γ(t)) = f u (γ(0)) = 0 for all t ∈ (0, η), which is a contradiction.
Therefore, for all > 0 small enough, we have
Hence and by piecewise uniform asymptotics (see e.g. [12] ), there exist finitely many real numbers λ 1 , . . . , λ s > 0 such that for all u ∈ V and for all sufficiently small (depending on u) > 0 we have Finally, through piecewise linearization of definable functions (cf. [30] , Chap. II, and also [28, 29] ), the set L u, is a deformation retract of its neighbourhood {x ∈ S : f u (x) ≤ c} for some small c > 0. Since f u |S has no critical points on
we can -using integration of vector fields -homotopically deform the level surface {x ∈ S : f (x) = c} into {x ∈ S : f (x) = k } by pushing it at constant vertical speed along the gradient curves of the function f u |S . More precisely, we push the level surface along the trajectories of the gradient field ∇f /|∇f | 2 with respect to a fixed riemannian metric on S . Notice that the trajectories of the vector fields ∇f /|∇f | 2 and ∇f differ merely in parametrization. Consequently,
which completes the proof of the proposition.
Corollary. If k > k(f ), then the Euler characteristic of the links
This follows immediately from Khimshiashvili's formula. Here we set deg 0 (∇g u ) = 0 if 0 is not a critical point of g u , i.e. if ∇g u (0) = 0.
Hence, and by the corollary to the theorem from Section 2, we obtain the Theorem 1. The Euler characteristic of the links χ(lk (0; W u ) ) is the sum of signs of a finite number of smooth definable functions σ 1 , . . . , σ r ∈ D(U ):
The proof is straightforward, because deg 0 (∇g u ) is the sum of signs of a finite number of functions from D(U ) if u ∈ V , and if u ∈ U \ V we have
Remarks. 1) We shall apply Theorem 1 to a modification g of the definable family f of the form:
we may regard g as a definable family with parameter set U × R. Thus the Euler characteristic of the links
is a finite sum of signs of smooth definable functions
2) Working with links, we actually deal with closed definable subsets of the spheres S , which are triagulable (see. e.g. [30] , Chap. II). Therefore we have at our disposal such tools of algebraic topology as exact Mayer-Vietoris sequence (because every triad under consideration is excisive) or Alexander duality (for singular homology and cohomology); see e.g. [31] .
3) Clearly, the foregoing proposition holds true for modifications g of the definable family f of the form:
provided that the integer k > k(f ). Thus, for any c > 0, we get
4) By Alexander duality, we have, for any c > 0, the equality
Since, similarly as before, the set {x ∈ S :
whenever c > 0.
Concluding, we see that
and
At this stage we can generalize Theorem 1 as follows.
Theorem 2. There exist a finite number of smooth definable functions
It suffices to show that, for every smooth definable function σ(u, c) ∈ D(U × R), the function
is such a finite sum of signs. Put F 0 := U , and for k ≥ 1
The decreasing sequence (F k ) of Zariski closed subsets of U becomes stabilized (see the appendix), i.e.
and the latter function can be expressed as a desired finite sum of signs, the detailed verification of which being left to the reader. (0; Z u ) ) is the sum of signs of some smooth definable functions ζ 1 , . . . , ζ s ∈ D(U ):
Corollary. Half of the Euler characteristic of the links χ(lk
This follows immediately from the Mayer-Vietoris sequence applied to the triad (S , The function f induces the following definable family f = (f u ) u∈U of smooth function germs:
Clearly, the germs at u ∈ U of the sets W and Z are the translations by vector u of the germs at the origin W u and Z u (determined by the family f ). We may therefore summarize the foregoing theorems as follows. 
half of the Euler characteristic of the links χ(lk (u; Z)) is the sum of signs of some smooth definable functions ζ 1 , . . . , ζ s ∈ D(U ): 
half of the Euler characteristic of the links χ(lk (u; Z t )) is the sum of signs of some smooth definable functions
4. Appendix: smoothly definable Zariski topology is noetherian.
As previously, we fix a polynomially bounded, o-minimal structure R on the field R of reals. A definable leaf in R n shall be a definable, connected, locally closed subset of R n that is a smooth submanifold in R n . We begin by decomposing the set Z into finitely many definable leaves.
Theorem. Let M be a definable, locally closed, smooth submanifold in an affine space R n , f : M −→ R be a smooth definable function and
Then Z can be decomposed into finitely many definable leaves.
We proceed by induction on the dimension m of the ambient manifold M . The case m = 1 is obvious, so suppose m > 1. Consider the linear projections
Then the sets
of those points at which the mappings π's are local diffeomorphisms onto the image are definable open subsets of M . Since the sets U 's cover the manifold M , it suffices to decompose into definable leaves every set Z ∩ U . For simplicity of notation, we shall assume that U is a definable open subset of R m ; we may also assume that the set U is connected and f ≡ 0. Put By induction hypothesis, the set Z ∩ Z 1 ∩ (U \ Z 2 ) decomposes into finitely many definable leaves. So we are to decompose the set Z ∩ Z 1 ∩ Z 2 . We now repeat this process. The proof will be finished once we show that the intersection
is empty for a sufficiently large k, where But the above intersection is the set of those points x ∈ U at which the function f is k-flat, and consequently our assertion follows from the fact that the structure R is polynomially bounded (cf. [23] ).
We shall associate with any decomposition of Z into finitely many definable leaves the multi-index µ = (µ m , µ m−1 , . . . , µ 0 
, where µ i is the number of leaves of dimension i.
Denote by µ(Z) the smallest (with respect to the lexicographical ordering) among the multi-indices of such decompositions. Now we are in a position to achieve the main goal of the appendix.
Corollary. The smoothly definable Zariski topology on a definable open subset U of R m is noetherian.
It suffices to show that every descending sequence of Zariski closed sets of the form Z n = Z(f n ) := {x ∈ U : f n (x) = 0}, f n ∈ D(U ), n ∈ N, becomes stabilized. Since the algebra D(U ) of smooth definable functions on U is quasianalytic, we can easily deduce that µ(Z(f )) < µ(Z(g)) for any two functions f, g ∈ D(U ) such that Z(f ) ⊂ Z(g) and Z(f ) = Z(g). Hence our assertion follows immediately.
